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Q.1  Answer the following (any Two)– Marks 
Bloom’s 

Level 
CO 

 a) Let M be a closed Linear Subspace  of   a normed linear space  N. If 

the norm of coset  x+M in the quotient space  
𝑁

𝑀
  is defined by 

‖𝑥 + 𝑀‖ = 𝑖𝑛𝑓{‖𝑥 + 𝑀‖/𝑚 ∈ 𝑀}  then prove that 
𝑁

𝑀
  is a normed 

Linear Space.   

 

8 L3 CO1 

 b) Prove that let N and  N '   be a normed linear space and Let 

T ∈ B(N , N ' ) (i.e. T is bounded Linear transformation N to N ' )    

Define  ‖𝑇‖    𝑏𝑦  ‖𝑇‖ = sup{‖𝑇(𝑥)‖/𝑥 ∈ 𝑁& ‖𝑥‖ ≤ 1}  the ‖𝑇‖ of 

T is also given by 

i) ‖𝑇‖ = sup{‖𝑇(𝑥)‖/𝑥 ∈ 𝑁& ‖𝑥‖ = 1} 

ii) ‖𝑇‖ = sup {
‖𝑇(𝑥)‖

‖𝑥‖
/𝑥 ∈ 𝑁& 𝑥 ≠ 0} 

iii) ‖𝑇‖ =inf {𝑘/𝑘 ≥ 0 & ‖𝑇(𝑥)‖ ≤ 𝑘‖𝑥‖, ∀𝑥 ∈ 𝑁}. 

 

8 L3 CO1 

 c) Show that let  N be a normed linear space a linear functional f on N 

is bounded (i.e. continuous ) iff  kerf ={𝑥 ∈ 𝑁/𝑓(𝑥) = 0} is closed 

in N 

8 L2 CO2 

 

Q.2  Answer the following (any two) – 

 a) State and prove Hahn-Banach theorem 

 

8 L3 CO2 
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 b) Let B be a Banach space and  Let M and N be a closed linear 

subspace of B such that B = M N ,if z = x+ y is the unique 

representation of vector in B as a sum of vectors in M and N ,then 

prove that mapping P defined by p(z)=x is a projection on B whose 

range and null space are M and N. 

8 L4 CO3 

 c) State and prove closed graph theorem. 8 L2 CO3 

 

Q.3  Answer the following (any two) – 

 a) Let H be a Hilbert space and let f be a arbitrary functional in  H* then 

prove that  ∃ a unique vector y ∈ 𝐻 such that f(x) =(x, y) ∀ 𝑥 ∈ 𝐻 

and ‖𝑓‖ = ‖𝑦‖ 

9 L6 CO4 

 b) State and prove Schwartz inequality. 5 L3 CO4 

 Prove that let T be a normal operator on H then T(x)=  x iff T*(x)= 

 x . 

4 L2 CO5 

 c) State and Prove spectral theorem 9 L5 CO5 

 

***** 


